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Abstract 

> : 

^ ■ The abstract quantum algebra of observables for 2+1 gravity is analysed in the 



limit of small cosmological constant. The algebra splits into two sets with an ex- 
plicit phase space representation; one set consists of 6g — 6 commuting elements 
which form a basis for an algebraic manifold defined by the trace and rank identi- 
ties; the other set consists of 6g — 6 tangent vectors to this manifold. The action 
of the quantum mapping class group leaves the algebra and algebraic manifold in- 
variant. The previously presented representation for g = 2 is analysed in this limit 
and reduced to a very simple form. The symplectic form for g = 2 is computed. 
P.A.C.S. 04.60 
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1. Introduction. 

For some time we have been analysing the abstract quantum commutator algebra for 
2 + 1 gravity with negative cosmological constant A [1,2]: 



[a m k,aji\ = [a m j,a k i] = (1.1) 

[ajk.akm] = (-j^ — l)(Oj'm - djkClkm) (1-2) 

[djk,aki] = (l - Jr)( a ji - a kia>jk) (1-3) 

[djk, ai m ] = (K - (cijlClkm - akldjm) (1.4) 



where K = e~ 2t9 ,tanO = — ^,A = is the cosmological constant and fi is 

Planck's constant. In (1.1-4) m, j, /, k. are 4 anticlockwise points of an - gon (see 
[1]) labelled anticlockwise m,j,l,k = l---n, and the time independent quantum 
operators aik correspond to the classical n ( n ~ 1 ^ gauge invariant trace elements 

otij = an = ^Tr(s(t i t i+l ---t j _ 1 )} , SeSL(2,R) (1.5) 

The map S : 7Ti(S) SL(2,R) is defined by the integrated anti-De Sitter con- 
nection in the initial data Riemann surface E of genus g when n = 2(7 + 2, and 
refers to one of the two spinor components, say the upper component, of the spinor 
group SL{2, R) ® SL{2, R) of the gauge group 50(2, 2) of 2 + 1 gravity with negative 
cosmological constant [2]. The lower component yields an independent algebra of 
traces bij identical to (1.1-4) but with K — > 1/K. Moreover [a^-, bki] = V k, I. 

The algebra (1.1-4) is invariant under the quantum action of the mapping class 
group on traces [1], provided that the operators in (1.1-4) are ordered with the 
convention that d(aij) is increasing from left to right where d(ciij) = ( i ~ 1 )( 2 ^~ 2 ~ t ) _|_ 

J-l- 

In previous articles we only considered the upper component, which we now 
summarise. The homotopy group 7Ti(E) of the surface is defined [1] by generators 
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i = 1 • • ■ 2(7 + 2 and presentation: 

tltz---t2g+l = 1, t2^4'--^2g+2 = 1, ^1^2 * • * *2g+2 = 1 (1-6) 

The last relator in (1.6) implies that E is closed. 

The algebra (1.1-4) seems overprescribed since the number of elements aij is 
Tt ( n ~ 1 ^ = (g -\- 1) (2(7 + 1). In [3] we determined for n < 6, i.e. g < 2 a set of 
p linearly independent central elements A nm , m = l---p where n = 2p or 
n = 2p + 1, and analysed the trace identities which follow from the presentation 
(1.6) of the homotopy group 7Ti(E) and a set of rank identities. These identities 
together generate a two-sided ideal, from which it was deduced that for generic g 
there are precisely 6(7 — 6 independent elements for each (±) algebra. The reduction 
from n ( n ~ 1 ) = _|_ 1) (2(7 + 1) to 6(7 — 6 results from the use of the above mentioned 
identities but is highly non unique. In [4] this was implemented explicitly for g = 2 
reducing the number of independent variables for the (+) algebra from 15 to 6, and 
the representations discussed. 

In this paper we analyse this quantum theory (the traces and the commutator 
algebra (1.1-4)) in the limit of small cosmo logical constant through an expansion 
around v^A = 0, for arbitrary genus g. Note that the theory was first formulated for 
A = [5] , and then generalised. In [6] similar results were obtained for g = 1 by first 
taking the limit of the classical (Poisson bracket) algebra and then quantising. Only 
traces corresponding to paths with intersections 0, ±1 (eq. 1.1-3) were considered. 
The limit as A — > of the exact classical solution for g = 1 was also studied in 
[7]. Here we show that for arbitrary genus g the two sets (the and bij or the ±) 
of 6(7 — 6 variables split into another two 6(7 — 6 sets with an explicit phase space 
representation. One of these consists of 6g — 6 commuting elements which form a 
basis for an algebraic manifold defined by the trace and rank identities, the other set 
consists of 6(7 — 6 tangent vectors. These and the action of the quantum mapping 
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class group which leaves the algebra and algebraic manifold invariant are presented 
in Section 2. A representation is presented in Section 3. In Section 4 the previously 
presented representation for g = 2 is analysed in this limit and reduced to a very 
simple form, and the symplectic form for g = 2 is computed. 

2. Separation of variables for small A 

To discuss the limit of small cosmological constant it is necessary, as for g=l [6,7], 
to consider simultaneously the upper and lower spinor components. From now on 
denote by a + ik and bik by a~ik and set 

a ± ij (6) = s ij ±6t ij + 0(e 2 ) (2.1) 

with Sij = Sji, tij = tji independent of 9 and su = l,ta = 0. The expression (2.1) 
therefore corresponds to an expansion of the to 0(A) around A = 0, K = 1, 6 = 0. 
The algebra of these variables can be calculated directly from (1.1-4) or by noting 
that they can be expressed as 

a± y(°) = a «i' ^ (0)= ± *« (2 - 2) 

By repeated differentiation with respect to 6 in the limit ^ — > it follows from (1.1-4) 
that all the commute amongst themselves whereas the s and t variables satisfy 
the commutators 

[Sj'/e; ^fcm] ['Sfcm? tjk\ ^ (.^mj ^jk^km) (2-3) 

[tmjitjl] = i {tml tjlS m j tmjSjl^) 

= i (tml Smjtjl Sjltmj) (2-4) 

[Smhtjk] = \Sjk-, tml] = 2i (SjlSmk Smj^kl) (2-5) 

[tmhtjk] 2i (Sjltmk $mjtkl $kltmj ~\~ Smktjl) (^-6) 
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with all other commutators zero. As for the algebra (1.1-4), m,j,l,k are any 4 anti- 
clockwise points (e.g. 1,2, 3, 4 or 2g + 2,1,4,5 etc) of the polygon representation (see 
[1]). Some comments are in order. 

The first two commutators (2.3-4) correspond to paths on E with single inter- 
sections, already reported in [5] *. The last two commutators (2.5-6) correspond to 
paths on E with double intersections, which could be determined from the Jacobi 
identity which is satisfied for all triples. The first equalities of (2.3) and (2.5) follow 
from 

[a + jk,a~km] = [a + mh a ~jk] = 

whereas the commutators (2.4) and (2.6) between two t's can be deduced from the 
Jacobi identity on a (t, t, s) triple. 

The commuting s variables satisfy the same trace and rank identities as the 
ciij variables [3] with 9 = 0. Given just one identity all others can be obtained by 
repeated commutation with the elements t{j of the algebra (2.3-6), or equivalently, 
by repeated application of 

dl(s) 
os uv 

(to be summed over u, v). The set of commuting s variables can be used as a basis 
for the algebraic manifold defined by I(s) = 0. 

* The commutators (2.3-4) were first computed for g = 1 in [5]. Equations (2.3- 
4) here correspond to equations (5.4-5) of [5] with the following identifications; the 
variables q, v of [5] correspond here to s, t respectively and the labelling of the paths 
jk, km (or mj,jl) on E to u, v. To get precisely equations (2.3-4) it is necessary to 
use the SX(2, R) identities 

z/(wu _1 ) + v{uv) = 2(q(v)v(u) + q{u)v{v)), (/(m; -1 ) + q(uv) = 2q(u)q(v). 
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Similar identities for the t variables are obtained from the s identities I(s) as 

I(t) = °W-t 

os uv 

(again, to be summed over all u,v). It follows that the number of t identities I(t) is 
equal to the number of s identities I(s) so that there are equal numbers of independent 
s and t variables. These identities are certainly not all independent. In fact they 
form an ideal under commutation. 

Under the action of the quantum Dehn group with elements Dij = Dji,i,j = 
1 • • • 2g + 2 the s and t variables transform as follows: 

D m l '■ t-ml ^ tl ml = t m l 
tkl — ► t>kl = tmk 
tmj * tlfnj tji 

tmk > tl 'mk 2(s m / c t m ; + S m ltmk) tlk 
tjl ¥ tl jl 2(Sj;t m ; + Smltjl) t m j 
tjk * tl jk = 2(Smjtmk S m ktmj ~\~ Sjrfkl ~\~ Skltjl) 

~\~ ^(SmlSmktjl 4~ S m lSjltmk ~t~ S jlSmktml) ~\~ tjk 
Sml 



Sjl 



— 2(s m jS m fc + SklSjl) + 4:S m lSjlSmk "H Sjk (2-7) 

and leave the algebra (2.3-6) and the ideal of s and t identities invariant. The 



Sml 


S'ml 


Ski ~ 


-> S'kl 


Smj ~~ 


* Slmj 


Smk 


¥ Si mk 


Sjl - 


-> S/ji 


Sjk - 
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transformations (2.7) can be simplified by noting that 

t'pq = o Pq t U v (sum over u, v) 
os uv 

for generic indices (points of the polygon) p, q, u, v. The D m i as expressed in (2.7) 
satisfy the identities of the Braid group B(2g + 2) [8,9]. 

3. Representations. 

The algebra (2.3-6) admits the following representation; 

Let the set of the basis s^- variables act as configuration space variables by 
multiplication, and let the Uj variables act by differentiation 

d 

Uj = C ijjk t(s)-Q— (sum over k,l) (3.1) 

where 

Cij,kl( S ) = [Uj,Sfd] = — Ckl,ij(s) 

is at most quadratic in s. Therefore the Uj can be considered as tangent vectors to 
the algebraic manifold with basis s^. 

4. Representation for g = 2. 

For g = 2, each (±) algebra (1.1-4) consists of 15 elements afj but by use of 
computer algebra we were able [4] to reduce to 6 = 6g — 6 independent variables for 
each (±) as follows, by satisfying all the trace and rank identities. A convenient choice 
for the 6 independent elements is given by 6 commuting angles ip^_ b = —f^, b = 
±1 • • • ± 3 with 

vt(K) = V -(^) 



and 



, _ cosyf ± _ cosy?^ ± _ cos<pf 
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with corresponding commuting momenta n^, a = 1, 2, 3 with 



and the only non-zero commutators 



[^,tt±] = ±2i96 ab , a, 6, = 1,2,3 



(4.2) 



In the following the single indices 1,2,3 refer to the three commuting sectors 12, 34, 
56 whereas the double indices refer to two points of the hexagon. 

It can be checked that the 24 remaining af k can be expressed in terms of the ip^ 
and their conjugate momenta 7r^. For example the quantum, ordered operator a^ 3 
can be expressed as 



so that all the 30 af k are functions of K = e , and the six conjugate pairs 
ip^ , 7r^, a = 1,2, 3. In [4] it was shown that the requirement that this representation 
of all the af k by hermitian operators determines the norm in the Hilbert space spanned 
by the cos</? a , and restricts the range of the (p a . There is some evidence [10-11] that 
thr trace holonomies (4.1) should be unbounded (hyperbolic) in agreement with the 
partial results of [4] . 

In the limit A — > the relationship of these variables to those of Section 1 is as 
follows. Let 



°23 = COS7r l COS7T 2 




(4.3) 



a=QaTe P , 



n± = q b ±eP b 



(4.4) 
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where all Q a ,q a , Pb an d Pb are independent of 9 * , given by 



Qa = <p+{0) = ^-(0), Pa = -^(0) = ^(0) (4.5) 

Their conjugate variables are, respectively, 

A = -^-(O) = -^-(0) q & = tt+(0) = tt-(O) (4.6) 
with the only non-zero commutators following from (4.2) 

[Pa, Qb] = \pb, Qa] = -iSab (4.7) 

so that from (4.1) we have directly the six independent variables** 

S12 = cosQi, S34 = cos<52 s 56 = cos Qs (4.8) 

and 

t 12 =pisin(5i, t 34 =p 2 sin(5 2 , ^56 =P3sin(5 3 (4.9) 

All of the commuting variables are expressed in terms of the q a and Q a , the 
notation has obviously been chosen because of its suggestive nature e.g. S23 is, from 
(4.3) given by 

S23 = cos qi cos q 2 + Ti 2 ,3 sin qi sin q 2 (4-10) 



* A similar phenomenon occurs for g = 1 [7]. Here the combinations Q a = 
LPa 1 2 ' fa , p a = ' fia 20 Pa ) 9a = 7r " "2"^° and P a = ' Ka 2 ~g a remain finite and constant 
in the limit 6^0. 

Three of the six independent variables of [12] for A = and g = 2 should 



** 



be compared with (4.8). These correspond, in our notation, to the traces of the 
representation of elements 16, 25 and 34 of the hexagon (see [4] for details). They 
can be obtained from our 12, 34, and 56 variables by the Dehn transformation L> 15 
(eq.(2.7)). 
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where 

Tij,k = cot Qi cot Qj . ^° S ^ fc „ i, j, fe cyclical. 

smQiSinQj 

Note that a// of the can be expressed in this form, e.g. from (4.8) 
S12 = cos Qi = cos Q2 cos Q3 - ^23,1 sin Q 2 sin Q 3 

and 

S13 = cos(?i +(5i)cosQ 2 +Ti2, 3 sin(gi + <5i)sing 2 

s 2 4 = cos cos(<? 2 - Q2) + T 12 ,3 sin 51 sin(<? 2 - Q2) 

S14 = cos(qi + Qi) cos(<? 2 - Q2) + T 12 ,3 sin(gi + Qi) sin(g 2 - Q2) 

s 25 = cos(qi - Qi) cos(<? 3 + Q 3 ) + T 3 i j2 sin(gi - Q x ) sin(g 3 + Q 3 ) 

s 36 = cos(<? 2 + Q2) cos(<? 3 - Q 3 ) + T 23 ,i sin(<? 2 + Q2) sin(<? 3 - Q 3 ) 

These variables have striking familiarity and are clearly related to those presented 
in the Appendix of [13]. All of the remaining can be obtained from the above by 
cyclical rotation of the sector indices 1,2,3, which corresponds to a cyclical rotation 
of the hexagon by 2 points (e.g. s 3 5 is obtained from s± 3 etc). 

A general formula for the operators tij in terms of the operators Q a , q a , P a ,p a , 
ordered with all momenta to the right and consistent with (3.1) is 

,d Sij d d Sij d . _ dSjj dSjj 
U > - [ dQ a dq a dq a dQj ~ dq a ^ dQ a Pa ^ 

when the commutators (4.7) are represented by 

Pa = Pa = -ij^r (4-12) 

dq a dQ a 

One example is 

t23 = 

l Ti2,3 cos qi sin q 2 . x , T 123 cos q 2 sin q 1 . , 

( — — cos Q2 singijPi + ( — ^— — — cosqi sin q 2 )P 2 

smC^isinC^ sin C^i sin 0^2 

T13 o sin qx sin q 2 T 23 1 sin 51 sin q 2 sin g x sin <? 2 sin Q 3 

~ 27^ — — Pi • 7; • 2^ — ^2 —7^; — —7^; P3 

sin Qi sin Q2 sin Qism Q 2 sin <y 1 sin Q 2 
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Clearly (4.11) gives (4.9) for ij = 12,34,56, and 

l> el— dsjj dsjj _ dsjj dsjj s _ 

It can be checked that the algebra (2.3-6) and the identities I(s) and I(t) are 
satisfied by all 15 and all 15 t^. The identities I(s) can all be derived from, for 
example 

S12S34 + - - «56 = 

S12S46 + S24S16 - 2S34S45 - S M S 2 6 + S35 = 
2(2^34856^45 — S34S46 — S56-S35) 
+ Sl4«25 - S12S45 - S24S15 + «36 = 

and their images under cyclical permutations of the indices 1 • • • 6. 

The symplectic volume form on the algebraic manifold defined by I(s) = 
expressed as 

dq a A dQ a (4.13) 

can be simplified by noting that the tij can be identified with the differentials dsij 
as follows; from 

dl{s) dl{s) 



Osij dsij 



then (4.11) should be compared with 



ds ij = -P^dq a + ^-dQ a 
dq a dQ a 



and implies the identifications 

dQ a = ~Pa or dq a = P a 
so the symplectic form (4.13) can be written simply as 

P a A dQa = p a A dq a 
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The commuting q a and Q a , a = 1, 2, 3 form a basis for configuration space , whereas 
the commuting momentum (tangent space) variables p a and P a are given by (4.12). 

The action of the mapping class group (2.7) for g = 2 has been computed 
explicitly only on the cosines of the variables q a and Q a , on the sines it is very 
complicated and not useful. A simple example however is given by the transformation 
D2j-i,2j->j = 1)2,3, generated classically on 7Ti(E) by 

t 2 — > t\ t 2 te — > te t\ 1 

and on the traces of holonomies by the map (canonical transformation) which leaves 
invariant the volume form (4.13) 

D 2 j -1,2 j] qj -> qj + Qj 

with inverse 

D~ 1 2j-i,2j]qj -> Qj ~ Qj 

and can be identified with a Dehn twist [14] provided the Q a play the role of the 
length variables and the q a are the angle variables for a given closed path on E. The 
full action of this group is under study and will be reported elsewhere. 

References. 

[ 1] J.E.Nelson, T.Regge, Phys.Lett. B272,(1991)213. 

[ 2] J.E.Nelson, T.Regge, F.Zertuche, Nucl.Phys. B339,(1990)516: F. Zertuche, 

Ph.D.Thesis, SISSA (1990), unpublished. 
[ 3] J.E.Nelson, T.Regge, C.M.P.155, (1993)561. 
[ 4] J.E. Nelson and T.Regge, Phys.Rev. D50,(1994)5125. 
[ 5] J.E.Nelson, T.Regge, Nucl.Phys. B328, (1989) 190. 
[ 6] L.F.Urrutia and F.Zertuche, Class.Qu.Grav.9, (1992)641. 

12 



[ 7] S.Carlip and J.E.Nelson, Phys.Lett. B324,(1994)299; |gr-qc/941103l| 2, to 
appear Phys.Rev. D 

8] J.E.Nelson, T.Regge, C.M.P.141, (1991)211. 

9] J.S.Birman, Comm.Pure.Appl.Matli.22(1969)213. 

10] K.Ezawa, Osaka preprint OU-HET-183 (1993), [Eeplli/9311103 



11] J.Louko and D.Marolf, Class.Qu.Grav. 11 (1994)311. 
12] R.Loll, "Independent Loop invariants for 2+1 Gravity", |gr-qc/ 9408007 
13] A.Ashtekar and R.Loll, Class.Qu.Grav. 11 (1994)2417. 
14] M.Rasetti, in "Symmetries in Science III" (eds. B.Gruber and F.Iachello) 
Plenum 1989. 



13 



